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Abstract 
Motivated by a problem in computer graphic we develop discrete models of continuous 
n-dimensional spaces by using molecular spaces and graphs. We study a family of induced 
subgraphs of a given graph and find the conditions when the intersection graph of this family is 
homotopic to the given graph. We show that for a given surface and for all proper covers of this 
surface their intersection graphs are homotopic, an be transformed from one to the other by 
contractible transformations and have the same Euler characteristic and homology groups. As 
an example, we consider discrete two-dimensional closed spaces that are digital counterparts of 
a two-dimensional sphere, a torus, a projective plane and a Klein bottle. 
1. Introduction 
Frequently the data produced in scientific omputer applications are digital images 
of two and more dimensional surfaces. These images arise in computer graphics, 
scientific visualization, pattern analysis, object modeling, detection of dynamically 
moving surfaces, representation f microscopic ross-sections, etc. 
Traditionally an image is considered as a graph whose edges between vertices define 
the nearness and the connectivity in the neighborhood ofany vertex. In this approach 
the first version of the Jordan curve theorem was proved by Rosenfeld [12, 13] who 
used the graph theoretical model of the digital plane. This model does not utilize 
a topological basis and requires different nearness for the curve and its background. 
The paper [9] reviews the fundamental concepts of this approach, surveys the major 
theoretical results in this field and contains the bibliography of almost 140 references. 
Another approach to finite topology is offered by Kovalevsky [11]. He remarks the 
difficulties in the attempts to develop an appropriate digital topology by means of 
graphs relating to the connectivity paradox and some topology by means of graphs 
relating to the connectivity paradox and some other contradictions. In order to 
overcome these problems he builds the digital space as a structure consisting of 
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elements of different dimensions by using a such well-known in topology element as 
a cellular complex. 
An alternative topological approach to the digital topology uses the notion of 
a connected topology on a totally ordered set 7/of integers [6-8, 10]. The digital plane 
7/x Z or the three-dimensional digital space 77 × Z x 7/are the topological products of 
two or three such spaces, respectively. Using this construction the Jordan curve 
theorem in two dimensions and three dimensions was proven. 
One more approach to a combinatorial model of space and spacetime is studied in 
work [14] by Sorkin. He replaces general topological spaces by a finite ordered ones 
and describes how to associate a finite space, with any locally finite covering of 
a topological space. He also presents ome examples of posets derived from simple 
spaces. 
Our approach to digital images is based on using molecular spaces and its 
intersection graphs [1, 3-5]. In this paper we begin with the short description of 
contractible transformations of graphs. Then we shall show that the intersection 
graph of an appropriate cover of a given graph by its subgraphs has the same 
topological characteristics a the given graph itself and can be transformed to the 
given graph by contractible transformations. 
Next we define complete covers of a surface and show that intersection graphs of 
complete covers are homotopic to each other. 
Finally we describe discrete two-dimensional models of a sphere, a torus, a projec- 
tive plane and a Klein bottle. 
Since we use only induced subgraphs, we shall use the word subgraph for an 
induced subgraph. For any terminology used but not defined here, see [2]. 
2. Contractible transformations of graphs and homotopic graphs 
In [4] we introduced contractible transformations of graphs, based on four 
operations. 
Let G, GI and v be a graph, its subgraph and its vertex. 
The subgraph B(G~ ) containing G~ is called the ball of G~ if any vertex of B(GI)  is 
adjacent to at least one vertex of G~. 
The subgraph B(G~ ) without vertices of Ga is called the rim of G1 and it is denoted 
O(G1). 
Obviously B(GI)  - G1 = O(G1). 
If G~ is a vertex v then B(v) and O(v) are called the ball and the rim of v respec- 
tively. 
The subgraph B(vl ,v2 . . . . .  v,), B(v i ,v2 . . . . .  v.) = B(v l )  c~ B(v2) c~ ... ~ B(v.), is 
called the joint ball of the vertices vl, vz .... , v.. 
The subgraph O(vl ,v2 .... ,v,), O(vi ,v2 ..... v,) = O(vl)  n O(v2) n ... n O(v.), is 
called the joint rim of the vertices vl, v2 ..... v,. 
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Let G and G~ be a graph and its subgraph with vertices (V l ,V  2 . . . . .  Vn) and 
(vl, v2 ..... vp), respectively. It is clear that O(G1) = O(vl ) w O(v2) w ... w O(vp) - G1 
and B(G1) = B(vl)  w B(v2) w ... w B(vt, ). 
If a vertex v is adjacent o all vertices of a graph G, then the given graph G + v is 
called the cone of G with respect o v and is denoted as vG. 
Definition. The family C of graphs Gz,G 2 .....  G . . . . . .  C=(G~,G2, . . . ,G  . . . . .  ), is 
called contractible if 
1. The trivial graph K(1) belongs to C. 
2. Any graph of C can be obtained from the trivial graph by finite series of 
contractible transformations. 
All graphs of the family C are called contractible. 
Definition. The following transformations are said to be contractible: 
1. Deleting of a vertex, v. A vertex v of a graph G can be deleted, if the rim O(v) is 
contractible, O(v) ~ C. 
2. Gluing of a vertex v. If a subgraph G~ of a graph G is contractible, G~ ~ C, then 
the vertex v can be glued to the graph G in such a manner that O(v) = G1. 
3. Deleting of an edge (v~ v2). The edge (vl v2) of a graph G can be deleted if the joint 
rim O(v~ v2) is contractible, O(vl v2) e C. 
4. Gluing of an edge (vx v2). Let two vertices v~ and v2 of a graph G be nonadjacent. 
The edge (v~ v2) can be glued if the joint rim O(vt v2) is contractible, O(vt v2)~ C. 
The family C of contractible graphs is determined by inductive application of 
operations 1-4. Figs. 1 and 2 show contractible transformations 1-4 and all contract- 
ible graphs on a number n of vertices, n ~< 4. 
A vertex v and an edge (v~v2) are called contractible if the graphs O(v) and O(v~ v2) 
are contractible respectively. Two graphs are called homotopic if they can be trans- 
formed from one to the other by a finite sequence of contractible transformations. 
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Fig. 2. 
The following theorem was proven in [4]. 
Theorem A. The cone vG of a graph G is contractible. 
3. Contractible continuous and regular sets of subgraphs 
Let G and F = (G1, G2,  . . . ,  Gn) be a graph and a family of its nonempty subgraphs. 
Definition. The family F will be called contractible if the intersection ofany number of 
its subgraphs i either an empty or a contractible subgraph of G. 
Gi, n Gi~ n ... n Gik = 0 or contractible. 
It follows from the definition that any subgraph of F is contractible. 
Definition. The family F is said to be continuous if from the condition 
Gp, n G~ # 0, for any i, k = 1, 2,. . . ,r  
it follows that 
Gp, ~ G~2 n ..- n Gp, :~ O. 
Contractible continuous and noncontinuous families are drawn in Fig. 30) and (b) 
respectively. 
Lemma 1. If the family F = (GI, G2 ..... Gn) is contractible then 
(1) The family A = (A1, A2 . . . . .  Ak) , where Ai are intersections of any subgraphs ofF, 
is contractible. 
(2) Any subfamily of F is contractible. 
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Fig. 3. 
Lemma 2. I f  the family F = (GI, G2 . . . . .  Gn) is continuous then 
(1) The family A = (A1, A2 . . . . .  Ak) , where Ai are intersections of any subgraphs ofF, 
is continuous. 
(2) Any subfamily of F is continuous. 
The proofs of these lemmas are simple and so are omitted. 
Definition. The family F will be called regular if for any vertex v, v e H = 
G1 w G2 w ... u G. there exists G~ such that B(v) n H ~_ G~. 
4. A supergraph and a cover graph of G. A cover graph of G is homotopic to G 
Definition. Let G, F and D be a graph with vertices (vl, v2 ..... vm), a family of its 
subgraphs (G1, G2, ..., G,) and the intersection graph o fF  with vertices (dr, d2, ..., d,), 
where di corresponds to Gi, and di and dj are adjacent if and only if Gi c~ G i :/= O. The 
graph U = (G,D) has vertices (vl,v2 ..... vm, dl,d2,...,d~) and contains G and D 
as its subgraphs. The connection between G and D is defined by the condition 
O(di) c~ G = Gi. U will be called a supergraph of G. 
Theorem 1. Let G and F = (GI, G2 . . . . .  Gp) be a contractible graph and a contractible 
and continuous family of its subgraphs. Then the supergraph U = (G, D) is contractible. 
Proof. (i) For graphs with a small number of vertices the theorem is checked irectly. 
(ii) Assume that the theorem is valid for all graphs with number k of vertices less 
than n, k < n. Let G has n vertices. Glue vertices and dl and d2 to G in such a way that 
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O(di) -~ G~, i = 1, 2. Since F is contractible, the obtained graph is homotopic to G. If 
O(dld2) = G~ c~ G2 ~ 0, then it is contractible and we can glue the edge (d2dl). The 
obtained graph is homotopic to G. 
(iii) Suppose that we have already glued vertices da, d2 ..... ds-1 to G and intro- 
duced all necessary connections between them. Glue vertex ds, O(ds) = G~. Connect d~ 
by contractible gluing of edges with some number of d~, for example, with 
d~,, d~ ... . . .  d~,_,. Let G~ n G~, # 0. Then by Lemmas 1, 2 and the induction assumption 
O(d~d~.) = G~ c~ G~ + di, + d~, + ... + d~., is the contractible supergraph of G~ c~ G~. 
Therefore, we can connect vertices ds and d~ by the edge. In such a way we glue all 
d-vertices and introduce all necessary connections between them. Since all trans- 
formations are contractible, then U(G, D) is homotopic to G and contractible. That 
completes he proof. 
Theorem 2. Let G and F = (GI, G2 . . . . .  Gp) be a graph 
continuous family of its subgraphs. Then the supergraph 
to G. 
and a contractible and 
U---(G,D) is homotopic 
Proof. The proof of this theorem is similar to the proof of Theorem 1 and so is 
omitted. [] 
Definitioa. Let G and F = (G~, G2 . . . . .  Gn) be a graph and a contractible, continuous 
and regular family of its subgraphs. If any vertex of G belongs to at least one of Gi, 
then F is called a complete cover of G. If F is a complete cover of G then the 
intersection graph D = G(F) and the supergraph U(G, D) will be called a cover graph 
and a cover supergraph of G. Obviously, if F is a complete cover, then the ball of any 
vertex belongs at least to one of subgraphs Gi. 
Theorem 3. I f  F -- (G1, G2 . . . . .  Gn) is a complete cover of a graph G, then the cover 
graph D = G(F) of G is homotopic to G. 
Proof. Let G, F = (GI, G2 . . . . .  Gn), D = G(F) and U(G, D) be a graph, its complete 
cover, its cover graph and its cover supergraph, where (vl,/)2 . . . . .  /)m), (dl, d2 .... ,dn) 
and (vl,v 2 ..... /),,,dl,d2 . . . . .  d,) are vertices of G, D and U(G,D), respectively. By 
Theorem 2 U(G, D) is homotopic to G. 
Take any vertex v of U(G,D), v ~ G ~ U(G,D), and consider im O(v) in U(G,D). 
This rim is composed of the rim of v in G, O(v) c~ G, and some vertices di,, di ...... dip of 
D, D ~ U(G,D) whose bases are subgraphs Gi,,G~ ..... ,G~p containing v, v~ Gik, 
k = 1, 2 ..... p. Suppose that G~, contains 0(/)) c~ G. Then d~, is connected to all vertices 
adjacent to/) in G and to all d/k, k = 2, 3 ..... p, since Gil r~ Gik ~ O. Therefore, O(v) in 
U(G, D) is a cone. By Theorem A it is contractible, and the vertex v can be deleted. In 
such a way we delete by contractible transformations all vertices of G in U(G, D) and 
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obtain D = G(F). Hence, U(G, D) is homotopic to D. Since U(G, D) is homotopic to 
G, then D is homotopic to G. That completes the proof. [] 
This theorem can be utilized for studying covers of a topological space X. Suppose 
that we have two finite covers F1 = (al,a2 ..... a,) and F2 = (bl,b2 . . . . .  b,,) of X. 
Consider new cover F3 = (a l ,a2 , . . . ,a , ,b t ,b2 , . . . ,bm)  and the intersection graphs 
G(F1), G(F2) and G(F3). If G(F2)is a complete cover of G(F1 ), then G(F1) and G(F2) 
are homotopic. In this sense we can regard F~ and F2 as equivalent covers and G(F~) 
and G(F2) as equivalent discrete models of X. 
We close this section by formulating the above consideration i  the form of the 
theorem. 
Theorem 4. Let F1 = (al,a2 .. . . .  an) and F 2 ---(bl,b 2 . . . . .  bin) be two finite covers of 
a topological space X with the following properties: 
1. F2 = (bl,b2 . . . . .  b,,) is a complete family of sets. 
2. For any H = hi, ~ bi~ c~ ... ~ bik 4:0 the intersection graph G(F(H)) of family 
F(H)  = (H c~ al, H n a2, ..., H ~ a,) is contractible. 
3. For any as and ak,, ak2, ..., akr, as c~ ak, ~ 0 i = 1,2 ....  , r there exists bp such that 
as ~ ak~ k3 ak2 k..) ' ' '  k...2 akr c bp. 
Then the intersection graphs G(FI)  and G(F2) of these two families are homotopic. 
5. A molecular space and a basic discrete space of a set in E n. Complete cover 
of a set in E" 
In order to make this paper self-contained we shall summarize the necessary results 
from our previous papers [3]. Let E ~ be infinite-dimensional Euclidean space. Take 
the coordinates of a point x, x e E ~, as a sequence of real numbers 
x=(x l ,x2  .... ,x . . . . .  )=[x i ] ,  i eN .  
We define cube K e E ~° in the following way: each x, x e K, has coordinates xl 
satisfying the conditions 
lo .n i<~xi<~lo.(n i+ 1), i~N,  h i - - in teger .  
Therefore, K is an infinite-dimensional cube with/o-edges. In previous papers K is 
called a kirpich. We will use this name in the present paper. The position of K in E ~ is 
determined by the left vertex coordinates. For the given kirpich we have 
K = ( lo.nl , lo .n2 . . . . .  lo .n, , . . . )  = lo.[ni], i~N.  
Two kirpiches are called adjacent, if they have common points. Obviously, two 
kirpiches are adjacent if integer factors in their appropriate coordinates distinguish 
114 A.1I. Evako / Discrete Mathematics 147 (1995) 107-120 
not more than 1. Any set of kirpiches in E ~ is called a molecular space and is denoted 
by M. Clearly, any molecular space can be represented by its intersection graph G(M). 
It was shown earlier that any graph G can be represented by a molecular space M(G), 
such that G = G(M(G)). Clearly, more than one M(G) can be built for the graph G. 
There exists isomorphism between any two M(G). 
In fact we shall always use a finite-dimensional Euclidean space. The intuitive 
background for using the infinite-dimensional cube is the attempt o create some 
universal element not depending on the dimension and suitable for describing ele- 
ments of different dimensions: zero-dimensional points, one-dimensional lines, two- 
dimensional surfaces and so on. 
Definition. Let A be a surface in E n. The molecular space M(A) of A is a set of 
kirpiches intersecting A. 
Definition. The intersection graph G(M(A)) of M(A) will be called the basic discrete 
space of A. 
Definition. A set A in E" is called contractible if there exists 5 > 0 such that for any 
lo < 5 a basic discrete space G(M(A)) is contractible. 
All contractible sets behave similarly since their graphs can be converted into 
a one-point rivial graph. 
Consider now a family F = (A1,A2 ..... An) of arbitrary sets A~ on E n. 
Definition. The family F will be called contractible if the intersection of any number of 
its sets is either an empty or a contractible set in E". 
Ai~ c~ Ai2 n ... c~ Aik = 0 or contractible. 
It follows from the definition that any set of F is contractible. 
Definition. The family F is said to be continuous if from the condition 
Ap, nA~,~O,  for any i , k= l ,2 , . . . , r  
it follows that 
Ap, n Ap2 n ..- n A~ ~ 0. 
Definition. The family F will be called regular if there exists e > 0 such that for any 
point p, p e B = A~ u A2 u ..- u An and for any kirpich K of center p with side length 
lo < e there is As such that K n B _ As. 
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Definition. Let A and F = (A~, A2 ..... A.) be a set in E" and a contractible, continu- 
ous and regular family of sets. I f F  is a cover of A, A = A~ w A2 w .,- w A., then F is 
called a complete cover of A. 
6. Connection between a basic discrete space and the intersection graph of 
a complete cover of set A 
Our aim in this section is to show the connection between complete covers of a set 
A imbedded in E". This connection presents a discrete interpretation of a set A in the 
form of a graph and shows that all graphs representing A have the same background, 
one can be turned into the other by contractible transformations, that retain the Euler 
characteristic and the homology groups of a graph. To this end we are formulating the 
following theorem. 
Theorem 5. Let A and F = (AI,A2 ..... A.) be a finite set in E" and its complete finite 
cover. Divide E" into a family of kirpiches with the lenoth of an edoe equal to lo. Then 
there exists Q > 0 such that for all lo < Q the basic discrete space of A is homotopic to the 
intersection 9raph of F. 
Proof. (i) Since family F is contractible, continuous and finite then there exists 6 > 0 
such that for any lo < 6 the basic discrete space of any element of F and of any 
nonempty intersection of elements of F is a contractible graph. 
(ii) Besides F is a complete cover. That stands for that for lo < e, any point p, and 
any kirpich K of center p with the edge Io, the intersection of K with A belongs to 
some of Ai, K ~ A ~ A~. 
Choose lo < 69 < min(~/8,3). It guarantees that any K n A and the intersection of 
A with all adjacent o K kirpiches belongs to some Ai. 
(iii) Consider the molecular space M(A) of A, its intersection graph G(M(A)) 
(which is the basic discrete space of A), the intersection graph G(F) of F and basic 
discrete spaces G(M(Ai)) of sets A~. 
By (i) family H = G(A1), G(A2) ..... G(A,)) is contractible and continuous. 
By (ii) the ball of any vertex of G(M(A)) belongs to at least one of G(M(A~)). 
Therefore, H is a complete cover of graph G(M(A)). Hence, by Theorem 3, 
G(M(A)) is homotopic to the intersection graph of H that is obviously G(F). That 
completes the proof. [] 
7. Discrete two-dimensional normal spaces for the sphere, the torus, the projective 
plane and the Klein bottle 
In this section we will use some theorems proven in the previous ections to describe 
discrete models of the simplest wo-dimensional continuous closed spaces. 
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Any of the surfaces A mentioned above can be obtained from the unit square 12 by 
appropriate identifying of its sides. 
Let us use two-dimensional space E 2 and a family nonsingular rectangles with sides 
parallel to the coordinate axes. The advantage of using the plane is visualization, the 
preference in utilizing rectangles is that they naturally form a contractible and 
continuous family of sets. 
Lemma 3. Any finite rectangle on E 2 with sides parallel to coordinate axes is 
contractible. 
Proof. Let A, M(A) and G(M(A)) be a rectangle, its molecular space and its basic 
discrete space, respectively. Delete vertices of G(M(A)) from the left to the right in 
each horizontal row starting from the top row and going down (Fig. 4). It is checked 
immediately that any deleting is contractible, and, therefore, G(M(A)) is converted 
into one-point graph. That completes the proof. [] 
Remark 1. By this lemma  square, a segment and a point are contractible as a special 
and singular cases of a rectangle. 
Lemma 4. Any finite family F = (AI, A2 ..... A,) of rectangles on E 2 with sides parallel 
to coordinate axes is contractible and continuous. 
Proof. The proof of this lemma is simple and so is omitted. [] 
Remark 2. Further on we will use only such families of rectangles which are either 
regular or can be converted into regular families without changing connections 
I ° 
¢ 
¢ 
Fig. 4. 
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between elements of a family, Therefore, for any family F =(A1,A 2 ..... A.) of 
rectangles there is another family H = (B~, B2 ..... B,) of rectangles with the following 
features: 
1. H is regular, 
2. A ic_B i i=  l,2,. . . ,n, 
3. A~uA2u. . . L ;An=BIuBzw. . .uBn,  
4. The intersection graph of F is isomorphic to the intersection graph of H. 
Let us describe the method of obtaining normal closed two-dimensional discrete 
spaces in details. 
1. Partition I z into a family F = (AI,A2, . . . ,A,) of rectangles in such a way that 
after converting I 2 into A and swelling each rectangle of F according to Remark 2: 
(i) any point of A belongs to not more than three rectangles. 
(ii) F is a complete cover of A. 
It guarantees that any vertex of G(F) is two-dimensional that is that the rim of any 
vertex is a circle with more than three vertices [1]. Therefore, G(F) is a normal 
two-dimensional space. 
b 
C C 
a a 
a 
I I 
I ! , ,I 
I 
"2 ' 
b 
~.i~i~:.':2::::::~:~::',~i::::.'.~:~ ~ ~. : "~ | 
d 
Fig. 5. 
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2. Partition I 2 into a family M(A) of small identical squares in such a way that after 
turning 12 into A the ball of any square entirely belongs to at least one of rectangles. 
3. By construction G(F) is a cover graph of G(M(A)), and, therefore, they are 
homotopic. 
Hence, all complete covers graphs G(F) of A satisfying conditions 1 and 2 are 
two-dimensional discrete models of A with the identical Euler characteristics and 
homology groups. 
Regard now different examples. 
Although, we use a tiling, it is obvious that the tiling meets the Remark 2. 
Sphere S 2. S 2 can be considered as a quotient space of 12 obtained by identifying 
sides according to the Fig. 5(a). Divide 12 into a family F of rectangles in such a way 
that after identifying F is a complete cover of S 2 (Fig. 5(b)). The intersection graph 
G(F) of F is a normal two-dimensional discrete sphere S 2 (Fig. 5(c)). It was shown in 
[5] that it is S 2 with the smallest number of vertices. 
Torus T 2. T 2 can be considered as a quotient space of 12 obtained by identifying 
sides according to the Fig. 6(a). Divide 12 into a family F of rectangles in such a way 
that after identifying F is a complete cover of T 2 (Fig. 6(b)). In this picture the 
rectangle indicated by letter A is divided into four parts, rectangles with numbers 1, 2, 
3, 4, 5 and 6 are divided into two parts. The intersection graph G(F) of F is a normal 
two-dimensional discrete torus T 2 (Fig. 6(c)). 
Projective plane P 2. p2 can be considered as a quotient space of 12 obtained by 
identifying sides according to the Fig. 7(a). Divide/2 into a family F of rectangles in 
such a way that after identifying F is a complete cover o fP  2 (Fig. 7(b)). In this picture 
rectangles with numbers 1, 2, 3 and 4 are divided into two parts. The intersection 
graph G(F) of F is a normal two-dimensional discrete projective plane p2 (Fig. 7(c)). 
Another discrete model of p2 obtained in [5] is depicted if Fig. 7(d). 
Klein bottle B 2. B 2 can be considered as a quotient space of 12 obtained by 
identifying sides according to the Fig. 8(a). Divide/2 into a family F of rectangles in 
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such a way that after identifying F is a complete cover of 8 2 (Fig. 8(b)). In this picture 
the rectangle indicated by letter A is divided into four parts, rectangles with numbers 
1, 2, 3, 4, 5 and 6 are divided in;o two parts. The intersection graph G(F) of F is 
a normal two-dimensional discrete Klein bottle B 2 (Fig. 8(c)). 
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Conclusion 
It should be remarked that these theorems can be applied to surfaces of any 
dimension. We can also use not only kirpiches as elements of a cover, but elements of 
other shapes and forms if they satisfy to the theorems. For example we can consider 
Platonic and Archimedian bodies as covers of a two-dimensional sphere. It is also 
possible to use these results in more general topological constructions considering the 
nerve of a cover of a topological space. 
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